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Abstract. We consider a quadratic form under constraints, which are a
generalization of the usual homogeneous linear constraints. We study the sign
of the said constrained quadratic form by means of the sign of the roots of
a polynomial equation. As a corollary we obtain the corresponding criterion
for the sign of a quadratic form under homogeneous linear constraints. In the
Appendix we give an English translation (due to M. El-Hodiri) of a paper of R.
Shostak, published in Russian on Uspekhi Mat. Nauk, 1954, Volume 9, Issue 2
(60), pp. 199-206.
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1. Introduction.

Positive definiteness and positive semidefiniteness of the restriction of a
quadratic form to a linear subspace given by the solutions of a system of homo-
geneous linear equations, have been investigated since a long time. See, e. g.,
the classical paper of Debreu (1952), Bellman (1970), Chabrillac and Crouzeix
(1984), Farebrother (1977), Ibramov and Saveleva (2000). As it is known, it is
possible to determine the sign of a linearly constrained quadratic form by means
of a suitable bordered matrix. See the above references and Giorgi (2017), Mann
(1943), Vilihao (1984). It seems that in the paper of Mann there is a slip in
the statement of negative semidefiniteness conditions.

More precisely, we have to study the sign of the quadratic form

Q(z) =z Ax

subject to the constraints
Bz = 0],

where A = [a;;] is a symmetric matrix of order n and B = [b;;] is a matrix of
order (m,n), with rank(B) = m < n. Let us denote by

a1x aiz - Air

a1 QA2 - A2p
A, =

Gr1  Qrg - Qpy



the leading principal submatriz of A of order r and by

bll b12 e bl'r

b21 b22 e b2r
er = . .

bml bm2 T bmr

the submatrix of B, of order (m,r), made with the first r columns of B. Fur-
thermore, define the following determinants

0] Bmr

|C7~| = det |: B:’;T AT

}, r=m+1, m+2,...,n.

Then, we have the following classical theorem (however, not always reported
in a correct way in some textbooks).

Theorem 1.1. Without loss of generality, let be B,,,, nonsingular (i. e.
the rank of B is given by the first m columns). Then:
(i) T Az < 0, Vx # [0] such that Bz = [0] if and only if

(=1)7|Cr| >0, r=m+1,m+2,..,n
(ii) 27 Ax > 0, YV # [0] such that Bz = [0] if and only if
(D)™ |C >0, r=m+1,m+2,..,n.
Conditions (¢) and (i%) of Theorem 1.1 can be rewritten in the form, perhaps
more useful:

(i) 2T Az < 0, Vo # [0] such that Bz = [0] if and only if the leading
principal minors of the bordered matrix

e[ B 2]

of order 2m+1,...,m+n, alternate in sign, beginning with the sign of (—1)
(i) 2T Az > 0, Vo # [0] such that Bx = [0] if and only if the leading
principal minors of C,,, of order 2m + 1,...,m + n, have all the sign of (—1)™.

m—+1

If we consider the boredered matrix

=[5 T ]

we have the equivalences

(-1)"|Cy] > Oifandonlyif (-=1)"|Cy| >0, r=m+1,..,n.

™o > Oifandonlyif(—l)m‘é’r

>0, r=m+1,...,n.



Remark 1.2. Note that the assumption (not restrictive) that the rank of
B is given by the first m columns, is essential in order to obtain necessary and
sufficient conditions. Otherwise, we have only sufficient conditions. Consider,
for instance, the following example:

Q(z) = (21)* + (22)* — (23)*,

which is obviously positive definite under the constraint s = 0 (hence here
bT =[0,0,1]). Yet we have

o O O
O = O
= o O
I
(@)

Besides the above conditions, there is in the literature another condition,
based on the roots of a bordered determinant and used in Economic Analysis,
for instance by Samuelson (1947). This condition can be found also in the book
of Hancock (1917, reprinted in 1960), who attributes it to Richelot (1858) and
to Zajaczkowski (Annals of the Scientific Society of Cracow, 12, 1867). Debreu
(1952) attributes this condition to Richelot (1858) and subsequently to Hotelling
(1935) and Samuelson (1947). See also Chabrillac and Crouzeix (1984).

Theorem 1.2. Let be given the quadratic form
Q(z) = 2" Aa,
where A is symmetric of order n, subject to the constraints
Bz = 0],

with B of order (m,n) and rank m < n. Consider the determinantal equation,
which has only real roots,

A—-X BT

f()\)—‘ 5 0 |=°

Then Q(z) is positive definite, under the constraints Bx = [0] if and only
if all the roots of the equation f(A) = 0 are positive. Q(x) is negative definite,
under the constraints Bx = [0], if and only if all the roots of the equation
f(A) =0 are negative.

In Section 2 we prove in a simple way a generalization of the above theorem
and in the Appendix we give a translation into English (due to M. El-Hodiri) of
a paper in Russian of R. Ya. Shostak, published in Uspekhi Mat. Nauk, 9, 1954,
199-206, and whose translation, as far as we are aware, never has been published.
This paper gives an algebraic proof of the criterion described in Theorem 1.1
and it is also concerned with the case of non homogeneous constraints, i. e. of
the type Bx = c.



2. A generalization of the criterion of
Theorem 1.2.

We consider the following

Theorem 2.1. Let be given the quadratic form
Q(z) =z Ax
defined on the set
X:{xGR”:xTC’x:L Bz = (0]},

where A and C are symmetric matrices, of order n, C is positive definite and B
is a matrix of order (m,n), with rank(B) = m < n. Then:
(i) The equation, of degree (n —m) in A

P()) =

o T
‘A AC B _0

B [0]

has only real roots.
(#i) If Ax and A\* are, respectively, the smallest and the greatest roots of
the determinantal equation sub (7), then

min{z"Az:2"Cz =1, Bz =[0]} = A\
max{z'Az:2'Cx=1, Bx=[0]} = A"

Moreover, x € R™ (with 2" Cz = 1) is a global minimizer (resp. global
maximizer) of Q(x) over X if and only if there exists u € R™ such that (z,u)
solves the system

(A= )XC)z+ BTu=[0]
{ Bz = [0]

for A = A, (respectively, for A = \*).
(#i7) In particular, for C' = I, we deduce that a necessary and sufficient con-
dition such that Q(z) = 2" Az be positive definite (resp. positive semidefinite)
over the space of the solutions of Bx = [0], is that the determinantal equation

A—- )N BT

f()‘)—’ B [0} =0

has all positive roots (resp. all nonnegative roots). That is, the thesis of Theo-
rem 1.2.

Proof.



(i) Let A be a complex root and (z,u) # [0] a (complex) solution of the
system
(A= XC)z + B u=[0] (1)

Bz =[0]. (2)
By taking the conjugates of A\, and u, we obtain BZ = [0] and

Az + B = \CZ. (3)

(The conjugate of a vector is intended as the vector given by the conjugate
of each component). From (1) and (3), we obtain, respectively,

2 AT +u' Bz = &' Cz;
2 Az +2"'BTa = X\'Cz,

which, by (2) and Bz = [0], by subtraction, give

A=Nz'Cz =0,

from which we have A = X : hence ) is real. We have 2'CZ # 0 : if 0 =
rTCz = (2! +i2?) T C(2! —iz?) = (21) T Cx! 4 (22) T C2? and being C positive
definite, we have (') TCx? = 0, i = 1,2, hence 2! = 2% = [0], that is = [0];
therefore from (1) and the fact that BT has linearly independent columns, it
holds u = [0], against the assumption that (x,u) # [0].

(i) As Q(z) is continuous on the compact set X, there exists a global
minimizer z° € X (and also a global maximizer). We have rank(B',Cz°%) =
m+ 1. If BTv + voCa® = [0], it results 0 = (z°)TBTv + vo(2?) T Cz® = vg
and hence B"v = [0], from which, since BT has linearly independent columns,
v = [0]. Then, there exist multipliers Ay € R and u° € R™ such that for the
Lagrangian function

Lz, \u) =" Az — Nz Cx —1) + 2u' Bz,

we have

Vo L£(2% X\ u’) =2 [(A— XC)2® + BTu’] = [0].

(

As the system (1)-(2) has non trivial solutions, it results that X is a root
of the equation P()\) = 0 and in particular, from (1) we get Q(2°) = Ay and z°
global minimizer of Q(z) over X. Moreover, g is necessarily the smallest root
of the equation P(\) = 0, that is Ag = A.. We have proved that each global
minimizer of Q(x) is the component x of a solution of the system (1)-(2), with
A = \,. Conversely, if (z,u) satisfies (1)-(2), and ' Cx = 1, then from (1) we
get Q(x) = A\ and hence z is a global minimizer of Q(x) over X.

(iii) Trivial. We notice only that \° is a negative root of f(A) = 0 if and
only if —\° is a positive root of f(—=\) =0. O



Remark 2.1. If we consider the example of Remark 1.2, we have, by
applying Theorem 1.2 (i. e. (i) of Theorem 2.1):

1-Xx 0 0
0 1-2A 0
0 0 —(1-2X
0 0 1

=0= =0 =

A—XI b7
b 0

o= OO

= (DA =N?=0= )\ =\ =1,

which correctly states that the constrained quadratic form of this example is
positive definite, under the given constraint.

Remark 2.2. If, as in Chabrillac and Crouzeix (1984), instead of the
function f(X), we consider the function

A+X BT
g(A) = ’ B [0]

)

then the conditions of Theorem 1.2 are modified as follows:

(i) Q(x) is positive definite under the constraints Bz = [0] if and only if
the roots of the equation g(\) = 0 are negative.

(74) Q(x) is negative definite under the constraints Bz = [0] if and only if
the roots of the equation g(\) = 0 are positive.

Remark 2.3. Summing up: Q(z) is positive definite under the constraints
Bxz = [0] if and only if the roots of f(A\) = 0 are all positive; it is positive
semidefinite, under the same constraints, if and only if the roots of f(A) = 0
are all nonnegative. It is negative definite, under the same constraints, if and
only if the roots of f(A) = 0 are all negative; it is negative semidefinite, under
the same constraints, if and only if the roots of f()\) = 0 are all nonpositive.
It is indefinite, under the same constraints, if and only if the roots of f(A) =0
present a variation of sign. If Q(z) is semidefinite, under the same constraints,
and f(0) # 0, that is

}
’A B\ o,

B 0]

then Q(z) is actually definite, under the same constraints. Indeed, suppose that
Q(z) is positive semidefinite under the constraints Bz = [0] with rank(B) =
m < n and that 2" Az = 0, B = [0]. Then Z minimizes Q(x) under the
constraints and since the constraint qualifications are satisfied (the contraints
are linear functions), there will exist a vector A € R™ such that

Az +BTA=10].

5 o [ 131

Thus



Since A .
B
AR

we see that Z = [0] and A = [0]. Thus Bz = [0] and Z # [0] imply T Az > 0.
On the other hand, if f(0) # 0, obviously 0 is not a root of f(\) = 0.

Remark 2.4. The problem with applying the criterion of Theorem 1.2, is
that it does not provide a simple formula for the coefficients of the polynomial.
Even without applying the celebrated Descates’ Rule of Signs, the following facts
are easy to see: if all nonzero coeffcients of the polynomial f(A) have the same
sign, then f has no strictly positive roots and hence A is negative semidefinite
under constraints. If the coefficients of the polynomial f(\) alternate in sign,
then A is positive semidefinite under constraints. Here we must consider the
zero coefficients to be alternating in sign. For the reader’s convenience we recall
the Descates’ Rule: let

P(z) = apa" + ap_12" ' 4+ ... +ag

be a polynomial with real coefficients and with real roots (just such as f(X)).
Then, the number of positive roots of P(z) = 0, counted with their respective
algebraic multiplicity, is equal to the number of variations of the sequence of
the coefficients of P(z).

Appendix
R. Ya. Shostak

On a criterion of conditional definiteness of a quadratic form of n variables
subject to linear relations, and on a sufficient condition for a constrained
extremum of a function of n variables (in Russian),

Uspekhi Mat. Nauk, 1954, Volume 9, Issue 2 (60), 199-206.
Translated by M. El-Hodiri

1.
Formulation of the problem. Consider the following quadratic form in n

variables
n

U($1,$2, ,l'n) = Z aijximj (aij = a]’z’). (4)

ij=1

The variables x1, ..., z,, satisfy the following k linear homogeneous equations:

wi(xl,xg, ...,Z‘n) = Zbi]ﬂ?]‘ = O, (Z = 1,2, ,]{1) (5)
j=1



The rank of the matrix [b;;] is assumed to equal the number of equations,
i. e. equals k. We shall find necessary and sufficient conditions for the form (4)
to be positive definite subject to (5).

2. To solve the above problem, we assume that the matrix [b;;] has a square
submatrix of order k with a non-zero determinant. Without loss of generality,
we may assume this submatrix to consist of the first k£ columns of [b;;]. Let B
denote the determinant of that submatrix, i. e.

bir bz - big
bar b2 - bog

B=| ] £, (6)
bri brz -+ bk

In what follows B} denotes the determinant obtained by replacing the j-th
column of b by the r-th column of [b;;], i. e.

bir -+ bij1 by bijpy1 o0 bk
bar -+ baj1 bap bojp1 -0 D2k ‘

B =| . . . . . (G=1,2,....k; r=k+1,k+2,...
b1 o brji—1 brr brjt1 oo bk

(7)

3. Solving (5) for the k “dependent” variables x1, ..., xx, we have:

1 & ., .
ri=—5 Y. Bla, (i=12...k). (8)
r=k+1

Substituting for xy, ...z in (4) from (8), the form U(xy, ..., z,) becomes:

1 n
W($k+1, Lht-2y eeey iﬁn) = ? g Arsxrxm (9)
r,s=k+1

where

k k E k
Ao =0apB* = i BB} = a;;BB; + Y > ai;B{B;.  (10)
i=1 j=1 i=1 j=1
The positive definiteness of the form (4) subject to (5) is equivalent to
the unconstrained positive definiteness of the form (9) and they have the same
necessary and sufficient conditions. These are: M; > 0,¢=1,2,...,n — k, where
M; are the principal diagonal minors of the determinants of W, i. e. of:

Ap+1 k11 Artrk+2 - Aktin
Aptor+1  Artort2 - Agpyon
— , _ X (11)
An,k+1 An,k,+2 e Ann



But such conditions are not easy to verify; thus we introduce a determi-
nant which is equivalent, for our purpose, to the determinant of (9). Such a
determinant, as we shall show, has the form:

0 0 ... 0 by bia -+ bin
0 0 oo 0 bar bay - oy
0 0 oo 00 bkr brz oo b
A= (=1 12
( ) b11 ba1 oo b ain a1z - Qin ( )
bl baz  --- bpa a2 az - ao,
bln b2n bkn an1 an2 e Apn

We shall show that the determinant A is a positive multiple of D and
that the principal diagonal minors of A, pogyj, j = 1,2,...,n — k, are positive
multiples of the corresponding principal diagonal minors, M, of D (all principal
diagonal minors of order less than or equal to 2k — 1 are zeros and o = B?).

To prove the above assertions we introduce three transformations of A.

4. First Transformation:

We multiply the determinant A by the determinant S (of order n + k)
where

By Big -+ By 00 --- 0
By Byy -+ By, 0 0 --- 0
| By Bra -+ Bg 0 0 - 0
B=l"0 0 . 0 10 - 0 (13)
0 0o ... 0 01 --- 0
O 0 - 0 00 - 1

Here B;; denotes the cofactor of b;; in B. We first multiply the columns
of B by the columns of A, obtaining a determinant SA. We then multiply SA
by 3, this time multiply the rows of SA by the rows of 3. Since 3 = B¥~!, the
transformation yields A multiplied by the positive factor B?*~2. In view of the
identity

k 0for j#r r<k,
ZbiTBij = B for ] =T,
i=1 B} for r > k,



we have

0 0 0 B 0 0 Byt
0 0 0 0 B 0 Byt
0 0 0 0 0 B Byt
B 0 e 0 a1 aiz 0 Al ai,k+1
B2k72A — (_1)k O B e 0 a9 a99 e asp 02,k+1
0 0 e B ak1 a2 - Gk Ak k41
Bf“ B§+1 e B,’j“ k41,1 Ok+1,2 " Qktlk Okt k+1
B{L B? to B]TCL Gn1 an2 to Ank Ap 41
(14)
5. Second Transformation:
In (14) we set at the intersection of each of the first k& rows and the last
n — k columns equal to zero. Also set equal to zero, the elements of (14) at the
intersection of the first k£ columns with the last n — k rows.
To achieve this, multiply the elements of the (2k + m)-th column (m =
1,...,n—k) by B and subtract from them the sum of the products of the elements
of the (k-+1)-st,...,2k-th columns, respectively, by By ™™, By™™ ..., BFt™. Then
operate analogously on the last n — k rows of (14), utilizing the elements of the
preceding k rows. The determinant (14), thus, gets multiplied by a positive
number B?>"~2* and we have:
o 0 --- 0 B 0 e 0 0 0
o 0 --- 0 0 B e 0 0 0
0 0 0 0 0 B 0 0
B 0 0 an aia - a1k Cl k+1 Cin
B2n_2A — (_1)k 0 B e 0 as1 a22 cee Ak 027k+1 Con
0 0 - B am ag2  c Gkk Ch,k+1 Ckn
0 0 0 Chp1a Charz 0 Chprn dhiikr di+1,n
o 0 -~ 0 dy Cho e Chre dp ka1 dun

10

n
Bl
By
By
A1n
A2n

Qfn
Ak4+1,n

ann




In (15) we have:

Crs = QpsB — Z§:1 ariB; (r=1,2,..,n;s =k+1,k+2,..,n),
cy=arsB— Zle aisBf (r=k+1, k+2,...,n; s=1,2,..,k),
k r k s k r k k r s
drs = crsB — 3, cis Bf = apsB® — Zj:l ar; BB} =iy ais BBy + i, Zj:l aijBi Bj
(16)
From (16) and (10) we note that d,s = A,s.
6. Third Transformation:
In (15) let us place the columns numbered k + 1 to 2k in place of the
first k£ columns after multiplying them by (—1)’“. Noting that d,.; = A,s and
substituting, we get:

B 0 . 0 0 --- 0 0 . 0
0 B ... 0 0 --- 0 0 . 0
0 0 . B 0 --- 0 0 .. 0
B2n72A ( 1)2k all a12 “e alk‘ B “e O Cl,kJrl “ee ClTL
ar1 ake -+ age 0 B ckry1 0 Ckn
Chr1a Chi12 0 Chpax O 0 Apyik+r - Aptin
c;ll C,/n2 U C{nk O 0 An,k+1 te Ann
(17)

Observe that exchanging columns in (16) does change the principal diagonal
minors from the (2k + 1)-st on.

But (17) may be immediately simplified. The value of the left hand corner
subdeterminant of order k is B?*. The value of the determinant (17) is given by

B?"2A = B%*D. (18)

7. We have now shown that D and A are positive multiplies of one another.
By similar transformations we can show the same for diagonal principal minors,
i e.

pokri =7V M; (j=1,2,..,n— k). (19)

Thus we have proved the following theorem:

e The quadratic form U(x1, ..., zp,) = szzl a;jx;x; subject to Zl;:l bijx; =
0 (i=1,...,k) is positive definite if and only if all the principal diagonal minors,
from the (2k + 1)-st on, of A (given by (12)), are positive. For negative defi-
niteness, the conditions is that the principal diagonal minors, starting with the
(2k 4 1)-st, alternate in sign with the first one bering negative. This assumes
[b;;] has rank k, given by the first k£ columns of [b;;] .

11



8. We now apply the conditions to finding the extrema of a function of
n-variables subject to constraints, i. e. finding the extrema of f(z1, 22, ..., Zp)
subject to ¢;(x1,...,x,) = 0,7 =1,2,....k < n. It is well known that a necessary
condition for a point to be an extremum is that it be a critical point, i. e. there
exist A\;, = 1,..., k, such that

ov

— = 0 (y=1,2,... 20

an (] ) &y an)7 ( )
Gi(x1,.yzn) = 0,i=1,2,..,k,

where V = f 4+ \ioi.

9. Let Z1,...,T, be the coordinates of a critical point, i. e. of a point

satisfying (20) with parameters \;. We assume that f and all ¢; are twice
differentiable and that, at Z, the matrix

0¢1 O 01
8I1 (?Ig a n
g¢2 g¢2 g%
A _ T -’.32 Tn (21)
0%r  Odk 9
oxq Oxo 0Ty

has rank k. Without loss of generality the last condition implies that the first
k columns of A constitute a matrix with a nonzero determinant. Utilizing the
implicit function theorem, we solve the ¢; ’s for the first k& components of =
as functions of (zg11,...,%,). Let z denote f after substituting for x4, ..., zx as
functions of zpy1,...,Tn—k. It suffices to study the extrema of z. The second
differential of z is:

"92f Foof
2, e —J g2,
d°z = i;I 78%833]- dx;dx; + ; 6xid x;. (22)

But, taking the first and the second derivatives of ¢; = 0, we must have:

Or o _ B
Z 81'] = O (T = 1,27...,1{3), (23)

O %0r
jzl oz, " d$3+z i=0 (r=12..k). (24)

Multiply each of the equations (24) by the corresponding \,., sum from
r=1to r =k and add to (22). We then get

n 82 k 82¢ k af k B ad)
2 — T . . r 2 .
2= { S, z:: dwidr; + ) o 3 ol G

3,7=1 1=1 3
(25)

12



Since 7 is a critical point, (20) holds, the coefficients of d%z; in (25) vanish,
and
d*z = d*V. (26)

Let us introduce the following notation for the second partial derivatives
of V and for the first derivatives of ¢, :

% s
= 4y, '7 -:1727"'a s A = Prj :172a"'ak; -:1527"'7 )
O0x;0x; aijr (1, n) Oz Brs (r J n)

and denote dx; by h;.
A sufficient test for an extremum of z is determined by the value of d?z =
Zi’j aijhihj, where h; are subject to:

> Bujhi =0, (r=12,..k).
j=1

The conditions for this were given in 7.

10. In case the linear constraints are not homogeneous, we may use our
result to obtain appropriate conditions. Let us consider the quadratic form:

n
U(Z’l, ,xn) = Zaijxixj (28)
,J
subject to the equations
n
wi(xl7x27 7xn) = Zbl]x] =€ (Z =12, ak < n)? (29)
j=1

where [b;;] has rank k and where the determinant of its first £ columns is non-
zero.
We transform the variables in (28) and (29) according to:

vj=-2 (j=1,2,...n). (30)
Yn+1
Then form (28) becomes
!/ 1 -

Uy, y2, - Yny1) = —5— Zaz’jyiyja (31)

and form (29) becomes

n
Zbijyj —eiyn+1 =0 (i=1,2,...k). (32)

j=1

13



The problem now is to characterize the definiteness of (31) subject to (32)
and the solution depends on the study of the signs of the principal diagonal
minors, starting with the (2k + 1)-st of:

0 o --- 0 b1 -+ bin e

0 0 . 0 b21 . b2n €9

A/ —(—1 k k1 kn k
( ) bir bar - bp1 oann - a0

bln b2n e bkn anl T Gnn 0

e1 ()] . e ek O . e O O

(I thank prof. M. El-Hodiri who sent me his translation from Russian of
the paper of R. Ya. Shostak.)
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